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Particle-in-Cell with Monte Carlo Simulation
of SPT-100 Exhaust Plumes

Francesco Taccogna,¤ Savino Longo,† and Mario Capitelli‡

University of Bari, 70126 Bari, Italy

A two-dimensional axisymmetric numerical code is developed for the simulation of a Hall thruster plume
operating in various ambient plasmas. The code is based on a combination of particle simulation for the ionic
components (Xe+ and Xe++ ) and � uid computational techniques for electrons. In particular, we have used the
Boltzmann relation modi� ed in order to allow for the effect of nonisothermal electron temperature based on the
adiabatic approximation. In our model several solutions, which have been sparsely considered in previous works,
are jointly adopted. In particular, the electric � eld is computed by solving the Poisson equation without assuming
quasi-neutrality, which often is violated in the near-� eld plume region; and collision processes are included by
using two new techniques, the ion-neutral test-particle Monte Carlo collision model and the Nanbu cumulative
small-angle collision theory for ion-ion coulombic collisions. Comparisons with experimental data suggest that the
present simulation is accurately modeling the physics of the very near-� eld region of the plume.

Nomenclature
B = magnetic induction,T
E = electric � eld, Vm¡1

e = electric charge constant, 1:602 £ 10¡9 C
g = relative velocity, ms¡1

j = ion current density, Am¡2

kB = Boltzmann’s constant, 1:381 £ 10¡23 JK¡1

L½ = Larmor radius, m
3 = Coulombic logarithm

M = macroparticle mass, kg
m i = Xe ion mass, 2:18 £ 10¡25 kg
n = number density, m¡3

P = pressure, Pa
p = probability
Q = macroparticle charge, C
Rs = random number
r = radial coordinate, m
S = shape factor
T = temperature,K
V = volume, m3

v = velocity, ms¡1

z = axial coordinate, m
® = divergence angle, deg
"0 = vacuum permittivity, 8:854 £ 10¡12 N¡1m¡2C2

¸ = mean free path, m
¸D = debye length, m
º = collision frequency, s¡1

½ = charge density, cm¡3

¾ = collision cross section, m¡2

Á = electric potential, V
’ = azimuthal angle, deg
Â = de� ection angle, deg
! = plasma frequency, s¡1

Subscripts

A = anode value
C = cathode value
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e = electron component
ex = charge exchange
f = fast particle
� t = interpolated measurement
i = ion component
j = radial node index
k = axial node index
n = neutral component
r = radial component
ref = reference value
s = slow particle
te = thruster’s exit value
z = axial component
’ = tangential component
1 = cutoff value

Superscripts

PIC = particle-in-cellweighting
Ruy = Ruyten weighting
(t ) = iteration index
C = single-ionizedparticle
CC = double-ionizedparticle

Introduction

T HE modeling of electric thruster plumes is a very important
issue in view of the increasing importance of such propulsion

in all space applicationswhen speci� c impulse, and not just power,
is important, that is, for satellite guidance, orbit transfer, and deep
space explorationprojects. It is now recognized that only a rigorous
and detailed modeling at the level of kinetic equations, and not
mere macroscopicmodels based on � uid dynamics, can include the
collisional and dynamic effects that can lead to contamination of
the satellite surfaces.

Indeed,an electricthruster,suchas theStationaryPlasmaThruster
SPT-100, in operationproducesa variety of ef� uents. These include
high-energy ions XeC , XeCC ; neutral propellant atoms; electrons
emitted to neutralize the positive space charge; low-energy charge-
exchange (CEX) ions created by collisions between ions and un-
ionized propellent in which electrons are transferred. These CEX
ions are strongly in� uenced by the self-consistent electric � elds.
These � elds cause CEX ions to propagate radially and to � ow up-
stream, and in doing so they also gain energy. CEX ions, therefore,
can be de� ected back towards the spacecraft, possibly causing con-
taminationand degradationby sputteringon componentseven when
located beyond the line of sight of the exhaust beam. Furthermore,
the ability to simulate the plume of these devices permits a wider
variety of operating conditions to be tested and also eliminates the
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in� uenceof theexperimentaldevices.Althoughmany test chambers
can be maintained at pressures of fractions of mPa, the operating
conditions of these devices give relatively low densities, and thus
interactions between the plasma and background gas are to be ex-
pected. Also, the walls of the chamber can in� uence the plasma.
Therefore, the plume of the SPT-100 has been modeled in several
studies.1¡10 In this paper a two-dimensional, hybrid axisymmetric
particle-in-cell (PIC)11¡13 model using test-particle Monte Carlo
(TPMC) (Refs. 14 and 15; also Mitsui, K., University of Bari, Bari,
Italy, personal communication,Sept. 1999) collisions to predict the
charge-exchangeion environmentis presented.Ionsandneutralsare
treatedas testparticlesandmodeleddirectly,respectively,by thePIC
and direct-simulationMonte Carlo (DSMC) methods (Refs. 16 and
17; also Markelov, G. N., University of Bari, Bari, Italy, personal
communication, March 2000), whereas the electrons are assumed
collisionless and unmagnetized, that is, to follow a Boltzmann-like
distribution modi� ed in order to allow for the effect of nonisother-
mal electron temperature.The electron temperature is calculatedon
the basis of the adiabaticapproximation.This model improves over
the ones already in the literature because the electric potential dis-
tribution is obtained from the Poisson equation without assuming
the quasi-neutralplasma hypothesis.However experimentalresults6

indicate that the potential increases with electron density in some
regions, in contrast with the inversion of the Boltzmann relation-
ship. Moreover, the magnetostatic � eld is assumed bipolar2 while
ion/neutral injection conditions are given by data � ts18 of the mea-
surements of Bishaev and Kim.19 The code has been tested against
several ground measurements showing good agreement.

The layout of the paper is as follows. The physical description
of the SPT-100 plume analyzing the thruster ef� uents is reviewed.
Then the selected computational model is presented, and in partic-
ular the PIC model is described as well as the method for collision
treatment. Results are presented and discussed with comparison to
experimental measurements.

Physical Model
Figure 1 shows the SPT-100. The plasma column is contained

within two coaxial dielectric cylinders,with the anode being at one
end of the channel, the exhaust at the other end, and the cathode
outside the column. The propellant is injected from the anode side
(and also inside the cathode), whereas the electrons are injected
from the cathode side. A system of coils inside the inner cylinder
and outside the outer cylindergeneratesa radial magnetic � eld with
a maximum next to the exhaust, which must be used to con� ne the
electrons, and thus the electron impact ionization is considerably
increased. The positive ions produced in the channel are almost in-
sensitive to the magnetic � eld and undergo practicallyno collisions
in the column. They are accelerated toward the exhaust and reach
kinetic energies closely corresponding to the potential drop across
the column. Table 1 reports numerical values for parameters in a
typical operative condition for SPT-100, which have been used in
the present simulation as the default.

Fig. 1 SPT-100 schematic representation.

Table 1 SPT-100 performance parameters

Parameter Value

Outer insulator radius R2 50 mm
Inner insulator radius R1 28 mm
Thrust T 40 mN
Voltage ÁD 200 V
Current iD 3.2 A
Mass � ow rate Pm 5 mg/s
Speci� c impulse Is 1600 s
Power P 1300 W
Total ef� ciency ´T 0.33
Ionization ef� ciency ´U 0.69
Acceleration ef� ciency ´A 0.96
Double-charged percentage ´P 0.1

Table 2 Ef� ciencies of the SPT-100 for 5 mg/s
of xenon and for different discharge voltages20

ÁD , V ´U ´A ´P ´T

150 0.45 0.96 0.1 0.23
200 0.69 0.96 0.1 0.33
250 0.82 0.96 0.2 0.39
300 0.88 0.95 0.2 0.39
350 0.99 0.95 0.2 0.39

Table 3 Ef� ciencies of the SPT-100 for a discharge
voltage of 300 V and for different xenon mass � ow rate20

Pm, mg/s ´U ´A ´P ´T

3 0.71 0.90 0.1 0.30
4 0.81 0.90 0.1 0.34
5 0.88 0.89 0.1 0.39
6 0.93 0.89 0.1 0.42
7 0.95 0.88 0.1 0.44

The plume model used in this study accounts for the following
thruster ef� uents: 1) fast (>10-km/s) propellant beam ions; 2) un-
ionized propellant neutrals; 3) slow (initially thermal) propellant
ionscreatedfromCEX collisions;4) neutralizingelectrons.Because
of the particular geometry of the problem, some elements are given
in terms of axisymmetric coordinates (r , z).

Beam Ions
Charged particles are loaded into the simulationat each time step

to simulate the exit � ow. The ion exit conditions are10
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On the basis of ef� ciency calculated for different discharge volt-
ages (see Table 2, where the xenon mass � ow rate is 5 mg/s) and
for differentmass � ow rate20 (see Table 3, where the dischargevolt-
age is 300 V), various operating conditions are simulated. The ion
distribution on the exit plane is deduced after Oh and Hastings.2

Further studies18 argued against the mathematical expressions re-
ported in their work claiming that the experimental data considered
were not fully pertinentwith the actual geometry of the thruster ex-
amined. A revision of the Oh–Hastings expressions is determined
from an empirical model developed by Boccaletto18 from experi-
mental measurements of the ion current density.19 These quantities
represent linear � ts of experimental data and give the magnitude
and direction of the ion current as a function of radial position r
between R1 D 0:028 and R2 D 0:049 m (Figs. 2a and 2b):

j� t.r / D ¡1:9787241 £ 103 C 1:2974556 £ 107 ¢ r 2

¡ 6:3929319 £ 108 ¢ r 3 C 1:1640206 £ 1010 ¢ r 4

¡ 7:4550791 £ 1010 ¢ r 5 (3)
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Fig. 2a Plot of ion density current at the exit plane.18

Fig. 2b Plot of divergence angle at the exit plane.18

®� t.r/ D ¡1:6672237 £ 106 ¢ r 2 C 1:3436936 £ 108 ¢ r 3

¡ 3:6299391 £ 109 ¢ r 4 C 3:2502724 £ 1010 ¢ r 5 (4)

A model for the ion distribution is derived by assuming that ions
leave the thruster with a uniform drift velocity provided by Eq. (1).
Equation (3) can thus be normalized by the integratedbeam current
density to give

p D 64:0559316 ¡ 8:0649854 £ 103 ¢ r

C 3:9310537 £ 105 ¢ r 2 ¡ 9:3165633 £ 106 ¢ r 3

C 1:0847813 £ 108 ¢ r 4 ¡ 4:9911403 £ 108 ¢ r 5 (5)

which represents the probability that an ion crossing the exit plane
has a radial position less than r .

Neutral Ef� ux
Although the neutral propellant atoms in a stationary plasma

thruster exhaust beam account for about 10% of the total xenon
mass � ow, the neutral density is comparable to the beam ion density
as a result of the much lower thermal velocity compared to the ion
velocity.The neutrals originate both from the anode and cathode as
given by the neutral mass � ow rates

Pmn D PmnA C PmnC D Pm.1 ¡ ´U ´A/ (6)
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The � ow through the cathode is neglected because it is three-
dimensional and dif� cult to include in an axially symmetric sim-
ulation. In any case at a typical operating condition the � ow rate
throughthe cathodeis only 6% of that throughthe anode.To de� ne a
suitabledistributionof neutralsacross theexit sectionof the thruster,
on the basis of the Ref. 21 Boccalettohas calculatedthe numbers of
xenon atoms (per unit of surface and per unit of time and expressed
in m¡2s¡1/ � owing across the thruster exit section at radial distance
(expressed in meters):

nn D 8:0164474 £ 1020 C 5:100755 £ 1023 ¢ r ¡ 4:8171475

£ 1025 ¢ r 2 C 1:39654 £ 1027 ¢ r 3 ¡ 1:2727662 ¢ r 4 (7)

At the thruster exit the un-ionized propellent is modeled at sonic
condition based on a temperature of 1000 K with a neutral velocity
of 325 m/s, which agrees well with experimentswith a similar Hall
thruster.22

Neutralizing Electrons
The time and space scale of electron dynamic is much smaller

(490 times) than that of the ions. For this reason, we model the
electronsusinga � uid rather than a particlemodel. The most general
momentum balance for the electrons is

@ve

@ t
C ve ¢ rve D ¡

e

m e
.E C ve £ B/ ¡

r Pe

m ene
¡ Re (8)

where v here indicates the � uid (averaged) velocity to distinguish
from the particleone used in the particlemover. The collisionaldrag
terms

Re D vei.ve ¡ vi / C ºen.ve ¡ vn/

for the plasma density and temperaturesproduced by a Hall thruster
can be neglected (the ratio of the collision frequency to the plasma
frequency is much less than one). Still for the electron timescale the
unsteady and inertia terms can be neglected. (The electrons cannot
leave a region in a large group without a large charge imbalance.)

Concerning the magnetic induction B, we can deduce that the
perturbationproducedby the current � ux to the extentionof applied
magnetic � eld into the plume region is negligible, and the problem
is simply electrostatic in relation to the self-consistency.Moreover,
the applied magnetic � eld in the far plume rapidly becomes negli-
gible: for a typical Hall effect thruster2;20;23 magnetic � eld is less
than 0.001% of the peak value (4 £ 102 G) at a distance of about
0.2 m (Fig. 3). In the region close to the exit plane (z < 0:2 m),
the magnetic induction effects cannot be neglected; nevertheless,in
such a region collisional effects are more important. Although the
electron mean free path in such region is considerably larger than
typical thruster dimension (ranging between 10–100 m), collisions
still occur with thrusterwalls. A rapid estimateof the electronsgyro
radius (0.05 m) cleary shows that collisions with thruster walls oc-
cur with a frequency in the same order as the electron cyclotron
frequency (estimates of plasma parameters in plume are reported in
Table 4). Therefore, electrons experience a short acceleration time
between collisions, and ve remains relatively small. For this reason

Fig. 3 Magnetostatic � eld as a function of axial position.27

Table 4 Estimates of fundamental
plasma parameters in plume5

Axial distance from
thruster exit plane

Plume
parameter 0.2 m 1 m

L½;e 5.4 cm 540 cm
L½;i-ex 10.3 m >1,000 m
L½;i-beam 230 m >20,000 m
¸en 908 m >20,000 m
¸ee 26 m 660 m
¸ei 35 m 880 m
¸ii 170 m >3,000 m

Fig. 4 ComparisonofXe+ numberdensity at a radialdistanceof 50 cm.

Fig. 5 Comparisons of radial pro� les of electron temperature at dif-
ferent axial locations.

an acceptable approximation would be to neglect the magnetic in-
duction effect in the momentum conservationequation (being small
either B itself or ve ).

Considering for a moment a uniform electron temperature and
assuminga perfectgasbehavior,the solutionofmomentumequation
corresponds to the well-known Boltzmann barometric equation

ne.r; z/ D nref expfe[Á.r; z/ ¡ Áp]=kB Teg (9)

where then ref are calculatedequatingthe electrondensity to ion den-
sity at thrusterexitplaneandÁ p is theelectricpotentialat the thruster
exit plane. Measurements of Kim24;25 (Figs. 4 and 5) indicate a
relationshipbetween the strong varying ion density and the electron
temperature. The ion density quickly (>20 cm from the thruster’s
exit) becomes much more homogeneous,and thus we can consider
a uniform electron temperature only in far-� eld plume region. In
the very near one the variation of the electron temperature, how-
ever, is much less than that of the plasma density because of the
high electron thermal conductivity. For this reason Eq. (9) is used
with a variable temperature given by the Poisson adiabatic equation
(the electrons are assumed to act as an expanding � uid at isentropic
conditions):
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Table 5 Simulation parameters

Parameter Value

Domain size (Lr , Lz ) 1:2 £ 1:5 m
Grid (Nr , Nz ) 50 £ 40
Ratio of radial cell-size progression ¯ 1.03976
Ratio of axial cell-size progression ¯ 0 1.11388
Thruster size (S1, S2) 0:1 £ 0:25 m
Time step 1t 1:6 £ 10¡7 s
Weight of macroparticles w 6:7 £ 108

Macroions injected at each time step (NXeC , NXeCC ) (600, 60)
Number of run to reach the steady state Ntot 40,000
Total number of macroparticles Np 106

Potential at the thruster’s exit Áte 10 V
Reference electron density nref 1:8 £ 1016 m¡3

Reference electron temperature Tref 1 eV
Ion-neutral collision parameters (¯1; A) .3,1.25£ 105 J4/

Table 6 Background plasma parameters

Ambient Pressure, Neutral Electron Magnetic
plasma Pa temperature, K temperature, eV � eld, G

Laboratory 2:7 £ 10¡3 295 4.2 0
LEO 3 £ 10¡9 1160 0.1 0.3
GEO 0 0 0 0

Te. j; k/ D Tref

µ
ne. j; k/

n ref

¶.° ¡ 1/

(10)

where ° D cp=cv is the ratio of speci� c heats (equal to 5
3 for

monoatomic gases) and the constant Tref is chosen to closely match
the electron measurements of Kim24;25 (Table 5 and Fig. 5).

Background Gas
Three very differentambientconditionscan be studied:1) the lab-

oratory plasma environment, 2) the low-Earth-orbit (LEO) plasma
environment,and 3) the geosynchronous-Earth-orbit (GEO) plasma
environment.For the � rst, ambient, ground-basedexperimentshave
a � nite back pressure determined by the capacity of the pumping
system. Although this system usually gives a densitywell below the
exit density of the neutrals, the two values become comparable in
the far plume. Thus, the background gas must be included in the
simulation.This background is assumed to be composedentirelyof
xenon neutrals because the beam ions move at much higher speeds,
and thus they leave the domain more easily. The background parti-
cles are not simulated directly because it is not necessary to update
their positions or know their exact properties. Instead particles are
created in each cell with velocitysampled from a Maxwelliandistri-
bution at 295 K. The background density is assumed to be uniform
and calculated on the basis of the ideal gas law with a backpres-
sure P D 2:7 mPa. It is not necessary to model collisions between
pairs of backgroundatoms. It is assumed that the backgrounddistri-
bution is unchanged with collisions.This assumption is reasonable
becausethe largestchangewould be a resultof the fast atoms created
by charge-exchange reactions. Their density is estimated at about
threeordersofmagnitudebelowthe total backgrounddensityfor the
case under consideration. However we model the ion-background
charge-exchangecollisionsbecause at a distanceof more than a few
centimeters from the exit plane the background neutrals become
the dominant source of CEX ion production.The importance of the
second ambient derives from the presence of the geomagnetic � eld
(with strengths of 0.3 G typical of the LEO). For the third ambient,
the GEO is assumed similar to a vacuumambient becausethe actual
pressures are on the order of 10–100 torr and the geomagnetic � eld
strenghts of 0.001 G. The parameters characterizing the ambient
cases are summarized in Table 6.

Numerical Model
The gas-phasetransportprocess implies collectiveand collisional

events, which are describedby a convection term in the total deriva-
tive D and a collision term J , respectively:

@ f

@t
D ¡D f C J f (11)

Fig. 6 Flowchart scheme of the computationalmodel.

where

Df D v ¢
@ f

@x
C

F
M

¢
@ f

@v
; J f D

Z
. f 0 f 0

1 ¡ f f1/g¾ dÄ dv1

According to the principle of uncoupling introduced by Bird,16 the
molecular motion and intermolecular collisions can be uncoupled
over a small time interval 1t :

f .v; x; 1t/ D .1 C 1tJ/.1 ¡ 1tD/ f .v; x; 0/ (12)

[that is, all molecules are moved collectively under imposed and
self-consistent � elds over 1t (stage A) and next the collisions are
computedby � xing themolecularpositions(stageB)]. The treatment
of stage A involves the PIC technique,where ions are consideredas
macroparticles and their charge is deposited onto a computational
grid. (Each macroparticle representsmany actual particles and w is
the real to macroparticle ratio.) From this charge density Poisson’s
equation for electrostatic potential is solved, and the particles are
moved under the in� uence of this self-consistent electric � eld and
of the applied magnetostatic � eld. This procedure is repeated for
many time steps following the � owchart shown in Fig. 6.

Grid Structure and Boundary Conditions
The computational domain extends 1.5 m in the axial direction

and 1.2 m in the radial direction. To include some of the back� ow
region, the thrusterexit plane is located at an axial distanceof 25 cm
from the start of the domain. The grid is nonuniformto handle more
ef� ciently the highly nonuniform density distribution in the plume.
Because the grid cell size should be on the order of the Debye
length,which scaleswith plasma densityas n¡1=2, the grid is linearly
stretched in the r and z direction from the thruster exit to follow the
increase in the Debye length caused by the density decrease, which
is assumed to decay as 1=.r C z)2 from the exit:

1r j D ¯1r j ¡ 1; 1zk D ¯ 01zk ¡ 1 (13)
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Fig. 7 Scheme of the simulation domain.

The number of grid cells used was 50 £ 40, that is, 1x=¸D is in
the range [1, 10]. Moreover we have used a weight w D 6:7 £ 108

because the number of particles per cell was always larger than 100
to minimize the effect of numerical noise. Numerical tests were
also performed to ensure that the grid resolution and the number
of particles used is suf� cient to not affect the steady-state selected
values. Computational parameters are reported in Table 3.

The position of the nodes are stored implicitly in a one-
dimensionalarray,rather than in a two-dimensionalarray.This mod-
i� cationdoes not affect thecomputationaltime signi� cantly,but can
save a substantial amount of memory. Figure 7 shows the grid used
for the simulations with the necessary boundary conditions. Along
S1 (the thruster exit plane, which also is the in� ow boundary) the
electric potential is given, equal to Áp , the sum of the accelerator
grid’s potential and the contribution of the nearby ions (Dirichlet
condition). The wall of the thruster .S2/ is assumed to be biased to
the spacecraft potential, which is estimated to be kB Te=e according
to electron and ion currents balance, where Te is the electron back-
ground temperature reported in Table 4. Along L1 the symmetry
boundary condition is given, that is, the radial electric � eld is set
to zero while axial variations in potential are permitted (Neumann
condition). Along L2, L3 , and L4 the open boundary condition is
assumed. This assumption is valid when the domain is suf� ciently
large:

S1 ! Á D const; S2 ! Á D const; L1 ! @Á

@r
D 0

L2; L4 ! @2Á

@z2
D 0; L3 ! @2Á

@r 2
D 0 (14)

Particles that reach boundaries other than the symmetry line leave
the simulation.Steady state is reachedwhen the numberof particles
of each species in the simulation domain remains constant while
a particle that reaches the symmetry line is replaced by a similar
particle with inverted radial velocity.

Injection Condition
At every time step a number of ions XeC, XeCC and neutrals are

injected into the computationaldomain using

1N C
i D

PmC
i 1t

2m i w
; 1N CC

i D
PmCC

i 1t

2m i w
; 1Nn D

Pmn1t

2m i w

(15)

In our code we track the ions, although the neutral � ow� eld was cal-
culated separately by the DSMC code “SMILE,”17 and the steady-
state result of neutral density, temperature, and velocity are imple-
mented in the present simulation as an overlay technique (Figs. 8
and 9). The radial positions of the ions are calculated on the basis
of Eq. (5) by using the standard von Neumann acceptance-rejection
method, where the radial coordinates r are sampled uniformly in
the interval [R1; R2] allowing for the axisymmetry:

r D
q

R2
1 C

¡
R2

2 ¡ R2
1

¢
Rs (16)

Fig. 8 Neutral number density as a function of radial position for dif-
ferent axial positions.

Fig. 9 Neutral temperature as a function of radial position for differ-
ent axial positions.

Once the radial position is known, we calculate from Eq. (4) the di-
vergenceangle in order to estimate the radial and axial drift velocity,
whereas on basis of measurements26 we have assumed a tangential
drift velocity of 250 m/s. Furthermore we have added thermal ve-
locitycomponentssampled from Maxwellian distributionsbasedon
temperatures Tr D 8000 K, Tz D 34 eV, and T’ D 800 K5 . The ax-
ial temperature is chosen to simulate the presence of a high-energy
tail of ions that is seen in laboratory measurements of the ion dis-
tribution function,26 whereas radial and tangential temperature are
reasonable estimates based on experimental data.27 Doubly ionized
species are injected with similar thermal component as the singly
ionized ions.

Scatter Phase
Within a cell the charge is weighted to the four neighboring grid

points, and the volumetric charge density is computed by summing
over all macroparticles that are in the cell itself:

½ j;k D

P
p

QSRuy
j .ri /SPIC

k .zi /

V j;k

½ j C 1;k D
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(17)
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where we have factorized the weighting function into two parts:
the Ruyten charge density conserving shape factor28 for the radial
coordinate that representsa two-dimensionalcylindricalsystem and
the PIC shape factor12 for the axial coordinate that representsa one-
dimensionalCartesian system.

Electric Field Evaluation
Once the charge density is computed, the electrostatic potential

is determined by solving Poisson’s equation:

r2Á.r; z/ C ½i .r; z/

"0
¡ ½ref

"0
exp

»
e[Á.r; z/ ¡ Átu]

kB Te.r; z/

¼
D 0 (18)

with boundary conditions given by Eq. (14). With the Boltzmann
distribution for the electron density, the Poisson equation becomes
highly nonlinear. Then the solution is obtained by the iterative
Newton–Raphson method11:
³³

r2 ¡
e½ref

kB Te"0
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£
Á.t/ ¡ Átu

¤

kB Te

)´́
Á.t C 1/

D
µ

1 ¡
e

kB Te
Á.t /

¶
½ref
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(
e
£
Á.t/ ¡ Átu

¤

kB Te

)
¡ ½i

"0

(19)

that is discretized allowing for the � ve-points expression of the
Laplacian in cylindrical coordinates. For large and nonuniform
meshes grid relaxation techniques are the methods of choice,11

and in particular we have used a successive-overrelaxation (SOR)
schemewith “checkerboard”orderingandChebyschevacceleration.
Given the potential, the electric � eld E is computed from E D ¡rÁ,
which is discretized with the six-points Boris formula12 for reduc-
ing numerical noise and anisotropy.The electric � eld is interpolated
from the nodes to the positionof the chargedparticle using the same
weighting scheme of the scatterphase in order to ensuremomentum
conservation.

Particle Mover
The motion of a chargedparticle (without collisions) is expressed

by

dvi

dt
D

³
Q

M

´

i

[E C vi £ B];
dxi

dt
D vi (20)

These equationsare numericallyintegratedby the leap-frogscheme.
This method is very fast and simple to implement. Moreover the
Buneman–Boris leap-frog algorithm12 is explicit and time centered
(enforcing symmetry under time reversal). To minimize the effect
of the energy-conservationviolation, typical of a PIC-momentum
conserving scheme, we have selected the time step according to
Hockney’s optimum-path condition11

.!pi1t/opt D min

µ
1

2

1x

¸D
; 1

¶
(21)

Therefore, 1t D 1:6 £ 10¡7 s and in such a way the Courant–
Friedricks–Lewy condition11 that requiresparticles to move a small
distance relative to the width of local potential gradients in each
time step and the stability leap-frog condition11 are satis� ed.

Collision Methodology
The treatment of stage B involves Monte Carlo techniques. In

particular,we have implementedtheNanbu testparticleMonteCarlo
method,14 which is derived directly from the Boltzmann equation.

Ion-Neutral Collisions
Two kinds of ion-neutral scatteringsare considered, the momen-

tum transfer and the charge exchange one:

Xes C XeC
f ! Xes C XeC

f ; Xes C XeC
f ! XeC

s C Xe f

and similarly for double-ionizedparticles.Our collisiontechniqueis
an implementationof the testparticleMonteCarlo methodof Nanbu
and Kitatani,15 where the target distribution function is sampled
for a virtualneutralparticleand the collisionprobabilityis evaluated
undertheassumptionof a polarizationpotential,introducinga cutoff
value of the dimensionless impact parameter:

P D n1t.16a=m i /
1
2 ¼¯2

1 (22)

Note that the collision probability is constant in each cell, which
makes simulation of the collisions much easier. The second step is
to calculate the impact parameter ¯ :

¯ D ¯1

p
Rs (23)

If ¯ is higher than a criticalvalue¯ex D AE1=4; the scatteringprocess
is elastic, and the postcollisionalvelocitiesare sampled ful� lling the
conservation laws by the following expression:

v0
i D vi ¡ 1

2 [gin.1 ¡ cos Â/ C h sin Â]

v0
n D vn C 1

2 [gin.1 ¡ cos Â/ C h sin Â ] (24)

where the components of the vector h are given by

hx D
¡
g2

in y ¡ g2
in z

¢ 1
2 cos ’

h y D ¡
gin y gin x cos ’ C gingin z sin ’

¡
g2

in y ¡ g2
in z

¢ 1
2

h y D ¡
gin z gin x cos’ ¡ gin gin y sin ’

¡
g2

in y ¡ g2
in z

¢ 1
2

and the polar angle Â is tabulated as a function of impact parameter
(Mitsui, personal communication, 1999). The azimuthal angle ’ is
sampled uniformly in the interval [0, 2¼ ]. Otherwise if ¯ is lower
than ¯ex and Rs is lower than the CEX probability (equal to 0.5),
the postcollisional velocity (24) is inverted. The values of the two
free parameters ¯1 and A are in agreement with Ref. 15 and are
reported in Table 4.

Ion-Ion Collisions
Although the mean free path of ion-ion collisions (see Table 4)

is greater than the computational dimension, the effect of these
coulombic short-range interactions can be important with regard
to the mechanism of loss of total energy as suggestedby King.27 To
simulate short-range interactions, it is necessary to simulate many
collisions that individually cause small angle de� ections to occur
but collectively cause large changes in particle trajectories. This
calculation requires simulating many collisions during each time
step and is therefore computationally impractical. For this reason
we have implemented these collisions by the theory of Nanbu,29;30

where a successionof small-anglebinary collisionsare groupedinto
a unique binary collision [Eq. (24)] with a large scattering angle
given by the following relation:

cos Â D .1=A/
¡
e¡A C 2Rs sinh A

¢
(25)

where A is solution of the nonlinear equation

coth A ¡ 1=A D e¡s (26)

with s, known as the isotropic parameter, given by

s D 3

4¼

³
2Q i Q i 0

m i "0

´2

ng¡3
ii 0 1t

Elasticcollisionsbetweenionsare not includedin themodelbecause
collisions between charged particles are dominated by short-range
coulomb interactions.
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Table 7 SPT-100 plume models characteristics

Model Rhee–Lewis1 Oh et al.5 Boyd et al.7 Perot et al.9 Tajmar et al.10 Present model

Domain 2D 3D 2D 2D 3D 2D
Dimension 0:2 £ 0:3 m 1 £ 1 £ 2:6 m 1 £ 1:3 m 0:5 £ 1 m 2 £ 2 £ 2 m 1:2 £ 1:5 m
Macroions 105 106 8 £ 105 105 106 106

Species simulated XeC Xe, XeC , e¡ Xe, XeC, XeCC , e¡ Xe, XeC , XeCC , e¡ Xe, XeC , XeCC , e¡ Xe, XeC, XeCC , e¡

Field solver Poisson equation Quasi-neutrality Quasi-neutrality Poisson equation Quasi-neutrality Poisson equation
hypothesis hypothesis hypothesis

Electrons model Isothermal, Isothermal, Not isothermal, Isothermal, Isothermal, Not isothermal,
unmagnetized unmagnetized magnetized unmagnetized unmagnetized unmagnetized
collisionless collisionless collisionless collisionless collisionless collisionless

Ion-neutral Point source DSMC DSMC TPMC DSMC TPMC
collision model approximation

Ion coulombic No No No No No Yes
interactions

Surface-sputtering No Yes No No No No
model

Neutral-Neutral Collisions
These collisions are processed in the “SMILE” code17 by the

variable hard sphere (VHS) model that employs the scattering law
of hard sphere. Diameters of the colliding particles are inversely
proportional to the relative translational energy of the pair:

¾T ´ ¼d2 ¼
¡
mn g2

¯
4
¢¡°

; b D d cos.Â=2/ (27)

where ¾T is the total cross section,d D 5:74 £ 10¡10 m is the molec-
ular diameter, b is the impact parameter, Â is the de� ection angle,
° D 0:62 is a factor determining the potential stiffness known as
viscosity temperature exponent. The characteristics of the present
alongmodel with those of the precedingsimulationsof the SPT-100
plume are summarized in Table 7.

Results and Discussion
In this section we present the simulation results obtained assum-

ing laboratory ambient plasma (see Table 6) that are compared,
where possible, with experimental measurements. The off-axis and
back� ow regions are areas where measurements are most dif� cult
because of low signal and chamber interference effect.

Computationally, the steady state is reached after about 40,000
time steps when the CEX ions have crossed the simulation domain,
but we have noted that after 2000 time steps the local values of
macroscopicquantities do not change anymore.

At this moment the total number of macroions simulated is about
106. Further numerical tests con� rmed that the results were insen-
sitive to the number of particles in the simulation and to the num-
ber of the iterations once the plume had reached a steady state.
The execution time (code written in FORTRAN 90) is about four
days on UNIX alpha workstation with a processor of 400 Mhz.
In Figs. 10a and 10b a snapshot is reported of the position of a
limited number of marker ions at two different times during the
simulation.

Note that ions exit the thruster channel as a narrow beam with a
divergence angle of about 40 deg to the thruster axis and as a CEX
component out of the primary beam and propagating both up- and
downstream.

In Figs. 11a and 11b the common logarithmof ion charge density
at the same times is reported. As can be seen, the ions propagate
under the effect of self-consistent electric � eld, magnetic applied
� eld, and collisions with neutrals and ions until a stationary state is
reached when the out� ow balances the ion emission. A signi� cant
component of back� ow appears, as well as signi� cant expansion
in the radial direction. The effect of charge-exchange collisions is
clearly detectable in Fig. 12, which plots the vr ¡ vz phase space at
steady state. CEX ions are visible as a wing of low-velocity ions.
Although CEX ions begin with relatively low speed, the plume’s
potential structure tends to drive these ions sideways and backward,
toward the spacecraft rather than away from it. These CEX ions can
then impact spacecraft surfaces, causing contaminationand erosion
damage. This is con� rmed by the Figs. 13a and 13b, where we have
reported the two componentsof ionic velocity as a functionof radial
position for differentvalues of axial position.By inspectingthe plot

Fig. 10a Con� guration space plot of marker ions at t = 3:2 £ £ 10 ¡ 5 s.

Fig. 10b Con� guration space plot of marker ions at t = 1:6 £ £ 10¡ 4 s.

of the axial velocity, one can notice that particles in the back� ow
region have a moderate velocity directed toward the payload. Also,
we can see that the positiondependenceof axial velocity is coherent
with a free molecular expanding beam. The plot of radial velocity
shows a strong increment in the very near region in accord with
measurements of Manzella.26

Figure 14 illustrates the electric potential at the steady state. We
can note a fall of 50 V between the exit plane and the stagnation
region, where a potential well develops spontaneously. The lobe
structures seen directly on the side of the thruster exit are produced
by the charge-exchangeplasma. The plasma potential is compared
with measurements8 at an axial distance of 48 cm in Fig. 15. The
agreement is qualitatively good. Figures 16a and 16b are plots of
electric � eld components. We note the negative axial � eld and a
strong radial � eld in the back� ow region causing the “dangerous”
drift of CEX ions to the surfaces.

To discuss the in� uence of coulomb collisions,we have reported
in Fig. 17 the plasma potential as a function of axial distance from
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Fig. 11a Common logarithm of ionic charge density at t = 3:2 £ £
10¡ 5 s.

Fig. 11b Common logarithm of ionic charge density at t = 1:6 £ £
10¡ 4 s.

Fig. 12 Phase space plot of marker ions at t = 1:6 £ £ 10¡ 4 s.

the thrusterat a radialdistanceof 3.5 cm from the thrustercenterline.
We can see that the curves with and without coulomb collisions are
substantially identicals. It will be expected that coulomb collisions
will be important in the very near-� eld plume region where the
electron temperature is quite high.

In Fig. 4 the XeC density is reported as a function of angle at
a radial distance of 0.5 m from the thruster. In general we can an-
ticipate that the behavior of singly and doubly ionized particles is
qualitatively close. The simulation results agree fairly well with
experimental data.31

Fig. 13a Radial ion velocity as a function of radial position for differ-
ent axial positions.

Fig. 13b Axial ion velocity as a function of radial position for different
axial positions.

Fig. 14 Equipotential lines at the steady state.

Fig. 15 Comparison of potential at an axial distance of 48 cm.
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Fig. 16a Radial electric � eld as a function of radial position for differ-
ent axial positions.

Fig. 16b Axialelectric � eld as a functionof radialposition for different
axial positions.

Fig. 17 Comparison of potential with and without coulomb collisions
at a radial distance of 3.5 cm.

In Fig. 5 the XeC temperature is reported to start increasing very
quickly with z for short distances from the outlet shape, reaching
valuesof about30–50eV and decreasingslowly forhigher z. Higher
temperaturesareobservedfordoubly ionizedparticles.Thesevalues
have to be interpretedwith care. In particlemethods the temperature
is essentially computed as the variance of the velocity distribution
function, which is measured from the total internal energy. In a
plasma with a signi� cant degree of charge exchange, the velocity
distribution functions are very wide. This is the cause of the high
ion temperature in the near plume region, where the CEX ions are
numerous.

Figures 18 and 19 show comparisonsof electron number density
and electron temperature with experiments in the very near region
of the plume. These � gures show good agreementwith Perot’s9 and
Kim’s24;25 measurements, respectively.The electron temperature,
reported in Fig. 19, follows, on the basis of the adiabatic equation,
the electron density and is indeed strongly dependent on position.

Fig. 18 Comparisons of axial pro� les of electron density at different
radial locations.

Fig. 19 Xe+ temperature as a function of radial position for different
axial positions.

Fig. 20 Energy distribution of ions at z = 0:5 m from the thuster exit
plane.

The usual assumption of a quasi-uniformelectron gas with temper-
ature about 3–4 eV holds only quite far from the thruster.

The present plasma model was used to calculate the energy dis-
tribution of ions at z D 0:5 m from the thruster exit plane. Results
are compared with experimental data32 in Fig. 20.

Conclusions
A hybrid two-dimensional,3V axisymmetric PIC/TPMC numer-

ical code has been developped for the simulation of plasma plume
expansionsin variousconditionsand in ambientplasmas.The model
takes into account the effects of nonisothermalelectron temperature
and the effects of violations of the quasi-neutral plasma hypothesis
in the very near-� eld plume region. Moreover the ion coulombic in-
teractionsare included in the code to take in account the mechanism
of loss of total energy. Comparison of model results with existing
experimentaldata suggests that the simulation is consistentwith the
physics of the very near-� eld plume region.
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